Abstract. We give lower bounds of the real crossing number of a virtual knot in terms of the Jones polynomial and the Miyazawa polynomial. As an application, we prove the existence of a virtual knot such that the real and virtual crossing numbers are equal to m and n for any positive integers m < n.
Introduction
Virtual knot theory [8] studies the embeddings of circles in thickened surfaces of arbitrary genus up to the addition and removal of empty handles from the surface. Virtual links are represented by diagrams in the plane by introducing virtual crossings as well as real crossings.
For a virtual link L, there are two crossing numbers -the minimal number r(L) of real crossings and the minimal number v(L) of virtual crossings (cf. [3] ). For a classical link L, there is also the ordinary crossing number c(L) -the minimal number of real crossings for all "classical" diagrams of L. We remark that c(L) ≥ r(L) holds by definition.
To find several properties on these crossing numbers, we use the Jones polynomials and the Miyazawa polynomials. The Jones polynomial V L (t) was defined for classical links originally and was extended to virtual links by the state sum model [8] . The Miyazawa polynomial R L (A, x) is a generalization of the Jones polynomial defined by the enhanced states [13] and is equivalent to the arrow polynomial due to Dye and Kauffman [2] .
In classical category, it is well-known that the crossing number is greater than or equal to the span of the Jones polynomial c(L) ≥ spanV L (t) for any non-splittable classical link L [7, 15, 16] . By a similar argument, we see that the real crossing number satisfies the same property
in virtual category, and r(L) = c(L) holds for any classical alternating links (Section 2). It is unknown whether the equality also holds for any non-alternating links.
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On the other hand, there are lower bounds of the real and virtual crossing numbers by the weighted degree of the Miyazawa polynomial
for any virtual link L [2, 14] . In Section 3, we improve the lower bound of the real crossing number as r(K) ≥ wdegR K (A, x) + 1 for any virtual knot K. We can find other studies on the crossing numbers in [1, 11, 12] , for example. Very little is known about the relationship between the real and virtual crossing numbers. It is conjectured that v(L) ≤ r(L) for any virtual link L and that v(K) < r(K) for any virtual knot K. We remark that this inequality holds in the case of r(K) ≤ 4 by checking the virtual knot table due to Green [4] . In Section 4, we prove that for any positive integers m < n there is a virtual knot K satisfying v(K) = m and r(K) = n. Ishii [5] proves that the 2-component virtual link L as shown in Figure 1 satisfies v(L) = r(L) = n.
Figure 1
In the last section, we find several properties of the coefficients of the Miyazawa polynomials.
The Jones polynomial V L (t)
We recall the definition of the Jones polynomial of a virtual link L (cf. [8] ). We define the bracket polynomial S|D ∈ Z[A,
The polynomial f D (A) has the form of a state sum such that
) is an invariant of L. We call it the Jones polynomial and denote it by V L (t). The span of V L (t) is the difference between the maximal and minimal degrees with respect to the variable t and is denoted by spanV L (t).
Let We say that D is a split diagram if there are two disjoint disks Δ i in the plane
(ii) Let L be a non-splittable alternating link and
Therefore, we have r(L) = c(L) for any (possibly splittable) alternating link L. (iii) Let D be a reduced alternating diagram, D a diagram obtained from D by replacing a single real crossing with a virtual crossing, and L the virtual knot represented by D . Then it holds that
r(L ) = r(D ) = spanV L (t) + 1 2 .
Therefore, L is a non-classical virtual link.
Proof. Most part of the theorem is proved the same as the classical case (cf. [7] ). The second equality in (iii) has been proved in [6] . We just notice that
where S A (or S B ) is the state of D obtained by A-(or B-)splicing at every real crossing.
In [11] , Manturov proves the inequality r(D) We have the following property of the Jones polynomial by skein relations immediately. Figure 2 do not change the Jones polynomial. 
Lemma 2.2 (cf. [9]). The local deformations for virtual link diagrams as shown in
V K 1 (t) = V K 2 (t)
The Miyazawa polynomial R L (A, x)
We introduce the Miyazawa polynomial [13] by using enhanced states due to Ishii [5] (cf. [6] ). In an enhanced state S of D, every real crossing is spliced coherently or non-coherently with respect to the orientation of D, where we put a pair of short poles for every non-coherent splicing. We remark that each loop of S has an even number of poles.
For a loop C of S, we define an index λ(C) as follows:
• We may slide a pole along C through a virtual crossing .
• If an adjacent pair of poles is on the same side of C, then we remove the pair .
• The result is a collection of alternating poles along C. The half number of them is denoted by λ(C).
For a non-negative integer i, we denote by λ i (S) the number of loops of S of index i. The equality i≥0 λ i (S) = |S| holds by definition.
Let a(S) and b(S) denote the numbers of A-and B-splicings for S, respectively. We define the enhanced bracket polynomial S|D ∈ Z[A,
. . . . (A, x) has the form of a state sum such that
The polynomial R D
is an invariant of L. We call it the Miyazawa polynomial and denote it by R L (A, x) . The Miyazawa polynomial is a generalization of the Jones polynomial; in fact, by putting
the coefficient of the term of R L (A, x) with respect to x containing x
(λ n = 0) and by F 0 (A) the constant term of R L (A, x). We often use the expression
where
. . , λ n ). The weighted degree of a term F λ (A)x λ is equal to i≥1 i · λ i , and the weighted degree of the polynomial R L (A, x) is the maximal degree for all the terms (cf. [13] ). We denote it by wdegR L (A, x).
Theorem 3.1 (cf. [2, 13]). For a virtual link L, it holds that
In the case of a virtual knot, we have a better lower bound of the real crossing number as follows.
Proposition 3.2. For a non-trivial virtual knot K, it holds that
r(K) ≥ wdegR K (A, x) + 1.
Proof. Put n = r(K). Assume that wdegR
It follows by C λ(C) = n that every real crossing is spliced non-coherently in S and that the poles appear alternately along each loop of S.
We label the real crossings with 1, 2, . . . , n and the endpoints of the arcs around the kth crossing with a k , b k , c k , and d k as shown in 
Since wdegR K 1 (A) = 3, we have v(K 1 ) = 3 by Theorem 3.1(i) and r(K 1 ) = 4 by Proposition 3.2.
v(K) vs. r(K)
The aim of this section is to prove the following theorem. 
Figure 5
Proof. (i) By Theorem 3.1, it is sufficient to prove that wdeg D = a + 1. Let E and F be the diagrams as shown in Figure 6 . By Lemma 4.2, it holds that
On the other hand, F has the unique term of weighted degree a + 1 obtained by splicing every real crossing non-coherently; in fact, the term is
Therefore, we have wdeg D = wdeg F = a + 1.
(ii) By Theorem 2.1(i), it is sufficient to prove that spanV D (t) = a+b or a+b− 1 2 . We perform the local deformations in Lemma 2.2 for D repeatedly so that we obtain a diagram G as shown on the left (for a odd) or right (for a even) of Figure 7 . Therefore, we have by Theorem 2.1(ii) and (iii).
Figure 7
The following lemma is proved similarly to Lemma 4.3, and we omit the proof. 
The coefficient polynomial F λ (A)
We conclude this paper with several properties of the coefficient We will prove this proposition by using two lemmas. For a state S, we put
Let ν(S) denote the number of non-coherent splicings for S and S 0 denote the unique state of D with ν(S 0 ) = 0. We remark that λ 0 (S 0 ) = |S 0 | and λ i (S 0 ) = 0 for any i ≥ 1.
Proof. If a virtual link L is obtained from L by splicing a real crossing coherently, then it holds that μ(L ) = μ(L) ± 1. Therefore, we have the equality
by induction on the number r(D) of real crossings. Since a(
Let S and S be two states of D such that S is obtained from S by replacing a coherent splicing with a non-coherent one at a single real crossing. We remark that ν(S ) = ν(S) + 1.
Proof. (i) The congruence follows by a(S ) − a(S) = ±1 and b(S ) − b(S) = ∓1.
(ii) Since |S| − 1 ≤ |S | ≤ |S| + 1, we divide the proof into three cases. We consider the case |S | = |S| − 1 only, and the other cases are similarly checked.
Let C 1 , C 2 , and C be the loops such that C 1 ∪ C 2 in S is replaced with C in S . Then there are two cases to consider as shown in Figure 9 . Since i≥0 λ 2i (S) is the number of loops with even index, we have the conclusion.
Figure 9
Proof of Proposition 5.1. Recall that the Miyazawa polynomial R L (A, x) is the sum of
for all states S of D. The polynomial (−A 
